Loop groups admit a class of representations (those of positive energy) similar to those of semisimple groups, for which the subgroups of loops that extend holomorphically to a compact Riemann surface play the role of maximal parabolic subgroups. In this note, I outline the corresponding Borel-Weil-Bott theory, as worked out in [T1] , [T2] , [T3] . The general ideas, in the analytic setting of Conformal Field Theory, are due to Graeme Segal, while my algebraic methods rely on the works [K] , [M] , [LS] , [TUY] . There is now a body of literature ([BL] , [F] , [KNR] ) devoted to the "Borel-Weil" theory (spaces of holomorphic sections); my contribution mainly concerns the "Bott" part (higher cohomology), except for the uniform determination of the "fusion rules", which is a noteworthy application thereof.
Let G be a complex, simple • M, the moduli stack of G -bundles over Σ c ;
• , the generator of Pic M ( ) (cf.
[LS]);
X is an ind-scheme, whereas X Σ is a scheme of infinite type. The "uniformization theorem" in [LS] says that the moduli stack M is (étale) equivalent to the quotient stack G X
Weil's adèlic description of moduli spaces of vector bundles with the holomorphic double coset construction of [PS] .) Using the subgroup ˆL G LG + ⊂ of formal-holomorphic loops, this is also the quotient stack X L G Σˆ+ . The lifting of to X is a trivial bundle, but its fiber V carries the G Σ -action
( ) ≅ , and the lift to X of , which I denote by as well, is the product of the positive, generating line bundles on the factors of X. Also call and the lifts to X Σ of the same bundles over M; their domicile will be contextually clear. Here, is the evaluation bundle analogous to , but with the irreps U i attached to the points w i . The result holds even when Σ is singular, but in the smooth case I can be more precise. acts by evaluation at the w i . There is a "descent spectral sequence" from X Σ to M, involving the algebraic group cohomology of L G + : 
the last term being the group cohomology of G Σ . The theorem follows from the next result. ♠
Theorem 2. For any PER H of L G at level h, the group cohomology H G[ ]
in degree l, and satisfies the properties listed in Thm. 3.
Remark. This is modeled on the following rewriting of the Borel-Weil-Bott theorem. Let P G ⊂ be a parabolic subgroup, E an irrep of G, F one of P. The group cohomology H P * ⊗ ( ) E F of P, with coefficients in E F ⊗ , is determined as follows. If is the sheaf of sections of the algebraic vector bundle G P × F over G P , the descent spectral sequence from G to G P ,
collapses at E 2 , because G is affine. Using the Peter-Weyl theorem for G, we get 
Proof of Thm. 2:
The van Est spectral sequence relates group cohomology to Lie algebra cohomology and to the cohomology of the topological space underlying G Σ . It reads
Its collapse at E 2 , and the single-dimensionality theorem, follow from the next two theorems. ♠ 
Theorem 1. G Σ is homotopy equivalent to the group C G
The first factor on the right satisfies the properties listed in Thm. 3.
Remark. The second factor is
Proof: The proof goes by induction over the genus. For the inductive step, let Σ degenerate to a curve Σ 0 of genus ( ) g − 1 , with one node and normalization Σ 0 . Shapiro's lemma gives
by the van Est spectral sequence, the last isomorphism following from G G G 
